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ON LOCALLY CONFORMALLY FLAT MANIFOLDS
WITH FINITE TOTAL Q-CURVATURE
ZHIQIN LU AND YI WANG
Abstract. In this paper, we focus our study on the ends of
a locally conformally flat complete manifold with finite total Q-
curvature. We prove that for such a manifold, the integral of the
Q-curvature equals an integral multiple of a dimensional constant
cn, where cn is the integral of the Q-curvature on the unit n-sphere.
It provides further evidence that the Q-curvature on a locally con-
formally flat manifold controls geometry as the Gaussian curvature
does in two dimension.
1. Introduction
The Q-curvature arises naturally as a conformal invariant associated
to the Paneitz operator. When n = 4, the Paneitz operator is defined
as:
Pg = ∆
2 + δ(
2
3
Rg − 2Ric)d,
where δ is the divergence, d is the differential, R is the scalar curvature
of g, and Ric is the Ricci curvature tensor. The Branson’s Q-curvature
[Bra95] is defined as
Qg =
1
12
{
−∆R +
1
4
R2 − 3|E|2,
}
where E is the traceless part of Ric, and | · | is taken with respect to
the metric g. Under the conformal change gw = e
2wg0, the Paneitz
operator transforms by Pgw = e
−4wPg0 , and Qgw satisfies the fourth
order equation
Pg0w + 2Qg0 = 2Qgwe
4w.
This is analogous to the transformation law satisfied by the Laplacian
operator −∆g and the Gaussian curvature Kg on surfaces,
−∆g0w +Kg0 = Kgwe
2w.
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The invariance of Q-curvature in dimension 4 is due to the Gauss-
Bonnet-Chern formula for a closed manifold M :
(1.1) χ(M) =
1
4π2
∫
M
(
|W |2
8
+Qg
)
dvg,
whereW denotes theWeyl tensor. Chang-Qing-Yang proved in [CQY00]
the following theorem.
Let (M4, g) = (R4, e2w|dx|2) be a noncompact complete conformally
flat manifold with finite total Q-curvature, i.e.
∫
M4
|Qg|dvg < ∞. If
the metric is normal, i.e.
(1.2) w(x) =
1
4π2
∫
R4
log
|y|
|x− y|
Qg(y)e
4w(y)dy + C,
or if the scalar curvature Rg is nonnegative at infinity, then
(1.3)
1
4π2
∫
M4
Qgdvg ≤ χ(R
4) = 1,
and
(1.4) χ(R4)−
1
4π2
∫
R4
Qgdvg =
k∑
j=1
lim
r→∞
volg(∂Bj(r))
4/3
4(2π2)1/3volg(Bj(r))
,
where Bj(r) denotes the Euclidean ball with radius r at the j-th end.
The theorem of Chang-Qing-Yang asserts that for 4-manifolds (in
fact, their theorem is valid for all even dimensions) which is confor-
mal to the Euclidean space, the integral of the Q-curvature controls
the asymptotic isoperimetric ratio at the end of this complete mani-
fold. This is analogous to the two-dimensional result by Cohn-Vossen
[CV35], who studied the Gauss-Bonnet integral for a noncompact com-
plete surface M2 with analytic metric, and showed that if the manifold
has finite total Gaussian curvature, then
(1.5)
1
2π
∫
M
Kgdvg ≤ χ(M),
where χ(M) is the Euler characteristic ofM . Later, Huber [Hub57] and
Hartman [PH64] extended this inequality to metrics with much weaker
regularity. Huber also proved that such a surface M2 is conformally
equivalent to a closed surface with finitely many points removed. The
difference of the two sides in inequality (1.5) encodes the asymptotic
behavior of the manifold at its ends. The precise geometric interpreta-
tion has been given by Finn [Fin65] as follows. Suppose a noncompact
complete surface has absolutely integrable Gaussian curvature. Then
one may represent each end conformally as R2 \ K for some compact
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set K. Define the asymptotic isoperimetric constant of the j-th end to
be
νi = lim
r→∞
L2g(∂B(0, r) \K)
4πAg(B(0, r) \K)
,
where B(0, r) is the Euclidean ball centered at origin with radius r, L
is the length of the boundary, and A is the area of the domain. Then
(1.6) χ(M)−
1
2π
∫
M
Kgdvg =
N∑
j=1
νj ,
where N is the number of ends on M . This result tells us that the
condition of finite total Gaussian curvature has rigid geometric and
analytical consequences.
The results of Chang, Qing and Yang (1.3), (1.4) are higher dimen-
sional counterparts of (1.5), (1.6). Moreover, in [CQY00b], they also
generalized these results to locally conformally flat manifolds with cer-
tain curvature conditions and obtained the conformal compactification
of such manifolds.
In this paper, we aim to continue the study of the integral of Q-
curvature over complete locally conformally flat manifold. For a closed
locally conformally flat 4-manifold, (1.1) yields
χ(M) =
1
4π2
∫
M
Qgdvg.
For a complete locally conformally flat 4-manifold, the asymptotic be-
havior near the end is important. In the main result of this paper,
we give sufficient conditions to control the asymptotic behavior of the
ends, and thus control the integral of Q-curvature.
Theorem 1.1. Let (M4, g) be a complete locally conformally flat man-
ifold with finite total Q-curvature and finite number of conformally flat
simple ends. Suppose on each end the metric is normal, or the scalar
curvature is nonnegative at infinity. If M4 is immersed in R5 with
(1.7)
∫
M4
|L|4dvg <∞,
with L being the second fundamental form, then∫
M4
Qgdvg ∈ 8π
2
Z.
We refer to Definition 1.2 for the definition of normal metric, and
referr to Definition 1.3 for the definition of conformally flat simple end.
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Theorem 1.1 is the higher dimensional analog of what is known
for the Gaussian curvature on surfaces, which was proved by Chern-
Osserman [CO67] for minimal surfaces; and was proved by White
[Whi87] for general surfaces.
Definition 1.2. The metric is normal on an end Ej of a locally con-
formally flat manifold if (Ej , g) = (R
4 \B, e2w|dx|2) and
(1.8) w(x) =
1
4π2
∫
R4\B
log
|y|
|x− y|
Qg(y)e
4w(y)dy,
where B is a ball with respect to the Euclidean metric.
We remark that the existence of normal metric is a necessary as-
sumption in this theorem. Without such an assumption, there may
exist quadratic functions in the kernel of the bi-Laplacian operator ∆2
(with respect to the flat metric) for which (1.3) fails. Note that the
assumption of positive scalar curvature at infinity would imply that
the metric is normal in dimension 4 (see for example Proposition 1.12
in [CQY00b]), therefore for the purposes of this theorem, it can be
replaced the condition of a normal metric.
We adopt the definition from [CQY00b] of manifolds with confor-
mally flat simple ends.
Definition 1.3. Suppose that (Mn, g) is a complete manifold such
that
Mn = Nn
⋃{ N⋃
j=1
Ej
}
,
where (Nn, g) is a compact manifold with boundary
(1.9) ∂Nn =
N⋃
j=1
∂Ej ,
and each Ej is a conformally flat simple end of M
n; that is
(Ej, g) = (R
n \B, e2w|dx|2).
Here B is a ball with respect to the Euclidean metric.
Remark 1.4. Note that the model case of the manifold described in
Theorem 1.1 is a cone. However it should be clear that Qge
4w could be
very close to the distribution:
∞∑
k=2
1
k2
δk,
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where δk denotes the Dirac mass centered at point x = (k, 0, ..., 0).
Therefore, we cannot expect the metric to be close to a cone metric
outside any compact set. Nor can we expect that the Ricci curvature
of the manifold is bounded. Thus the method by estimating Ricci
curvature lower bound cannot be applied here.
Theorem 1.1 is not restricted to 4-dimension. But it is technically
more complicated in higher dimensions.
Theorem 1.5. Let (Mn, g) be an even dimensional locally conformally
flat complete manifold with finite total Q-curvature and finitely many
conformally flat simple ends. Suppose that on each end, the metric is
normal. If Mn is immersed in Rn+1 with
(1.10)
∫
Mn
|L|ndvg <∞,
with L being the second fundamental form, then∫
Mn
Qgdvg ∈ 2cnZ,
where cn = 2
n−2(n−2
2
)!π
n
2 is the integral of the Q-curvature on the
standard n-hemisphere Sn+.
Definition 1.6. The metric is normal on an end Ej ⊂ M
n of a locally
conformally flat manifold Mn if (Ej, g) = (R
n \B, e2w|dx|2) and
w(x) =
1
cn
∫
Rn\B
log
|y|
|x− y|
P (y)dx+ C
for some continuous L1(Rn \ B) function P (y). The dimensional con-
stant cn defined in Theorem 1.5 is also the constant that appears in
the fundamental solution equation (−∆)n/2 log 1
|x|
= cnδ0(x).
Acknowledgments: The second author is grateful to Alice Chang and
Paul Yang for discussions and interest to this work. She would also like
to thank Matt Gursky for interest to the work and suggestions.
2. On the integral of divergence terms.
In the following lemma, we show that the integral of ∆gRg vanishes,
assuming that there exists a cut-off function ηρ with its Hessian esti-
mates. However, the existence of such a cut-off function is in general
not true, since we do not have Ricci curvature lower bound. Later, in
order to remove this assumption, we will adopt an argument making
full use of the special structure of conformally flat ends.
We start with the following general result
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Lemma 2.1. LetM be a 4-dimensional Riemannian manifold. Assume
that the Q-curvature is absolutely integrable; the second fundamental
form L is in L4(M); and the metric is normal on each end Ej. For a
fixed point p, assume also that there exists a smooth cut-off function
ηρ which is supported on the geodesic ball B
g(p, 2ρ); it is equal to 1 on
Bg(p, ρ); its gradient is of order O(1/ρ) on Bg(p, 2ρ) \Bg(p, ρ); and its
Hessian is of order O( 1
ρ2
) onBg(p, 2ρ) \Bg(p, ρ). Then
∫
M
∆gRgdvg = 0.
Proof of Lemma 2.1. Since the Q-curvature is absolutely integrable, so
is ∆gR. By using the smooth cut-off function ηρ, we have
∫
M
∆gRgdvg = lim
ρ→∞
∫
Bg(p,2ρ)
∆gRgηρdvg
= lim
ρ→∞
∫
Bg(p,2ρ)\Bg(p,ρ)
Rg∆gηρdvg.
(2.1)
Let us assume for the moment that M only has one end, and that
the end is conformally flat, given by E1 = (R
4 \ K, e2w|dx|2). By the
Gauss equation, |Rg| ≤ 2|L|
2. Thus the above quantity is bounded by
lim
ρ→∞
(
∫
Bg(p,2ρ)\Bg(p,ρ)
|L|4dvg)
1/2 · (
∫
Bg(p,2ρ)\Bg(p,ρ)
|∆gηρ|
2dvg)
1/2
≤ lim
ρ→∞
(
∫
Bg(p,2ρ)\Bg(p,ρ)
|L|4dvg)
1/2 · (
V olg(B
g(p, 2ρ) \Bg(p, ρ))
ρ4
)1/2.
(2.2)
Here the volume is with respect to the metric g. By the previous result
in [Wan12], if the metric is normal, and the Q-curvature is absolutely
integrable, then there is a quasiconformal mapping at infinity on each
end, and thus V olg(B
g(p, r)) ≤ Cr4.
Therefore we have the volume growth estimate
V olg(B
g(p, 2ρ) \Bg(p, ρ))
ρ4
≤ C.
Then by the L4-integrability assumption of the second fundamental
form, the limit tends to 0.
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If M has multiple ends, then∫
M4
∆gRgdvg
= lim
ρ→∞
∫
Bg(p,2ρ)\Bg(p,ρ)
Rg∆gηρdvg
= lim
ρ→∞
N∑
j=1
∫
(Bg(p,2ρ)\Bg(p,ρ))∩Ej
Rg∆gηρdvg.
(2.3)
On each Ej, we can apply the above argument to obtain that
lim
ρ→∞
|
∫
(Bg(p,2ρ)\Bg(p,ρ))∩Ej
Rg∆gηρdvg|
≤ lim
ρ→∞
(
∫
(Bg(p,2ρ)\Bg(p,ρ))∩Ej
|L|4dvg)
1/2
· (
∫
(Bg(p,2ρ)\Bg(p,ρ))∩Ej
|∆gηρ|
2dvg)
1/2
≤ lim
ρ→∞
(
∫
(Bg(p,2ρ)\Bg(p,ρ))∩Ej
|L|4dvg)
1/2
· (
V olg((B
g(p, 2ρ) \Bg(p, ρ)) ∩ Ej)
ρ4
)1/2.
(2.4)
As a direct corollary of Theorem 1.5 in [Wan12], on each end Ej , we
have
V olg((B
g(p, 2ρ) \Bg(p, ρ)) ∩ Ej)
ρ4
≤ C.
Therefore, by the L4-integrability assumption of the second fundamen-
tal form, the limit tends to 0.

As we mentioned earlier, on a locally conformally flat manifold with
finite totalQ-curvature, there is no Ricci curvature lower bound. There-
fore, we do not have the existence of cut-off functions with Hessian
bound as described in the previous lemma. In order to overcome this
difficulty, we will make use of the conformal structure to obtain a dif-
ferent exhaustion of the manifold.
Lemma 2.2. Let M be the 4-dimensional manifold defined in Theo-
rem 1.1. Suppose the Q-curvature is absolutely integrable, the second
fundamental form L is in L4(M), and the metric is normal on each end.
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Then ∫
M
∆gRgdvg = 0.
Proof of Lemma 2.2. Let B0(0, ρ) be the ball centered at the origin,
with radius ρ with respect to the Euclidean metric. On the Euclidean
space, there always exists a smooth cut-off function ηρ which is sup-
ported on B0(0, 2ρ). It is equal to 1 on B0(0, ρ), and its k-th derivative
is of order O(1/ρk) over the annulus B0(0, 2ρ) \ B0(0, ρ). Again since
the Q-curvature is absolutely integrable, so is ∆gRg.
Suppose M4 has one end E1 first. Let ηρ = 1 on N . Then∫
M
∆gRgdvg
= lim
ρ→∞
∫
N∪(B0(0,2ρ)∩E1)
∆gRgηρdvg
= lim
ρ→∞
∫
B0(0,2ρ)\B0(0,ρ)
Rg∆gηρdvg.
(2.5)
Here the last equality is because all boundary terms in the integration
by parts formula vanish, and ∆gηρ = 0 on the complement of B
0(0, 2ρ)\
B0(0, ρ).
Using
dvg = e
4wdx,
∆gηρdvg = ∂i(e
2w∂iηρ)dx,
we have
∫
B0(0,2ρ)\B0(0,ρ)
Rg∆gηρdvg =
∫
B0(0,2ρ)\B0(0,ρ)
Rg∂i(e
2w∂iηρ)dx
=
∫
B0(0,2ρ)\B0(0,ρ)
Rg(∆0ηρe
2w + ∂i(e
2w)∂iηρ)dx
≤C
∫
B0(0,2ρ)\B0(0,ρ)
Rg
ρ2
e2wdx
+ C
∫
B0(0,2ρ)\B0(0,ρ)
Rg|∂iw|
ρ
e2wdx
=:I + II.
(2.6)
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The first term I can be bounded by the L4-norm of the second funda-
mental form.
|I| ≤C(
∫
B0(0,2ρ)\B0(0,ρ)
|Rg|
2e4wdx)1/2 · (
∫
B0(0,2ρ)\B0(0,ρ)
1
ρ4
dx)1/2
≤C(
∫
B0(0,2ρ)\B0(0,ρ)
|L|4dvg)
1/2 → 0,
(2.7)
as ρ tends to ∞.
We will now study II through the asymptotic behavior of the deriva-
tives of w. We notice that the pointwise estimate of ∂iw is not valid.
But since we are taking the integral over the annulus (with respect to
the Euclidean metric), it can be reduced to the integral estimate of ∂iw
over spheres at the end of the manifold.
|II| =C
∣∣∣∣
∫
B0(0,2ρ)\B0(0,ρ)
Rg∂iw
ρ
e2wdx
∣∣∣∣
≤C(
∫
B0(0,2ρ)\B0(0,ρ)
|Rg|
2e4wdx)1/2 · (
∫
B0(0,2ρ)\B0(0,ρ)
|∂iw|
2
ρ2
dx)1/2
≤C(
∫
B0(0,2ρ)\B0(0,ρ)
|L|4dvg)
1/2 · (
∫
B0(0,2ρ)\B0(0,ρ)
|∂iw|
2
ρ2
dx)1/2.
(2.8)
Notice that
∫
B0(0,2ρ)\B0(0,ρ)
|∂iw|
2dx
=
∫
B0(0,2ρ)\B0(0,ρ)
∣∣∣∣ 14π2
∫
R4
xi − yi
|x− y|2
Qe4w(y)dy
∣∣∣∣
2
dv0
≤C
∫
B0(0,2ρ)\B0(0,ρ)
∣∣∣∣
∫
R4
1
|x− y|
Q(y)e4w(y)dy
∣∣∣∣
2
dx
≤C
∫
B0(0,2ρ)\B0(0,ρ)
∫
R4
1
|x− y|2
Q(y)e4w(y)dydx ·
∫
R4
Q(y)e4w(y)dy.
(2.9)
Since for any y ∈ R4, we have∫
x∈∂B0(0,r)
1
|x− y|2
dσ(x) = |∂B0(0, r)| · O(
1
r2
),
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∫
B0(0,2ρ)\B0(0,ρ)
1
|x− y|2
dx =
∫ 2ρ
ρ
∫
x∈∂B0(0,r)
1
|x− y|2
dσ(x)dr
=
∫ 2ρ
ρ
|∂B0(0, r)| · O(
1
r2
)dr = O(ρ2).
(2.10)
Plugging this into (2.9), and using the fact that
∫
R4
Q(y)e4w(y)dy <∞,
we obtain
∫
B0(0,2ρ)\B0(0,ρ)
|∂iw|
2dx ≤ C(
∫
R4
Q(y)e4w(y)dy)2 ·O(ρ2) = O(ρ2).
(2.11)
Therefore,
|II| ≤C(
∫
B0(0,2ρ)\B0(0,ρ)
|L|4dvg)
1/2 · (
1
ρ2
∫
B0(0,2ρ)\B0(0,ρ)
|∂iw|
2dx)1/2
≤C(
∫
B0(0,2ρ)\B0(0,ρ)
|L|4dvg)
1/2 → 0
(2.12)
as ρ tends to ∞. To conclude,
|
∫
M4
∆gRgdvg| = lim
ρ→∞
|
∫
B0(0,2ρ)\B0(0,ρ)
Rg∆gηρdvg|
≤ lim
ρ→∞
|I|+ |II| = 0.
(2.13)
In general, M has finitely many simple ends
M = N
⋃
{
⋃
j
Ej}.
We define ηρ to be equal to 1 on N , ηρ = 1 on Ej ∩ B
0(0, ρ), ηρ = 0
on Ej \ B
0(0, 2ρ), and its k-th derivative is of order O(1/ρk) on the
annulus B0(0, 2ρ) \B0(0, ρ). Then (2.5) becomes
∫
M4
∆gRgdvg =
∫
N4
∆gRgηρdvg +
∑
j
lim
ρ→∞
∫
B0(0,2ρ)∩Ej
∆gRgηρdvg
=
∑
j
lim
ρ→∞
∫
(B0(0,2ρ)\B0(0,ρ))∩Ej
Rg∆gηρdvg.
(2.14)
We now use the argument for manifold with only one end to show that
on each end
lim
ρ→∞
∫
(B0(0,2ρ)\B0(0,ρ))∩Ej
Rg∆gηρdvg = 0.
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This completes the proof of the lemma. 
3. Proof of Theorem 1.1
We begin this section with a lemma asserting that there exists a
sequence of domains such that the integral of the second fundamental
form over the boundary tends to zero. This lemma is analogous to the
lemma in [Whi87, §2]. But unlike the 2-dimensional case, we do not
have estimate of the area of the geodesic spheres. We circumvent this
difficulty by exploring the conformal structure at the end.
Lemma 3.1. Assume thatMn is an n-dimensional complete Riemann-
ian manifold immersed in Rn+1 with finitely many conformally flat sim-
ple ends and
∫
M
|L|ndvg < +∞. Then on each end Ej there exists a
sequence ri →∞, such that∫
∂B0(0,ri)
|L|n−1dσg → 0,
where B0(0, ri) denotes the ball of radius ri with respect to the Eu-
clidean distance; dσg denotes the area form on ∂B
0(0, ri) using the
metric g.
Remark 3.2. Note that we do not need to assume the metric is normal
in Lemma 3.1.
Proof of Lemma 3.1. On the end Ej = R
n \B,
∫
∂B0(0,r)
|L|n−1e(n−1)wdσ0 ≤
(∫
∂B0(0,r)
|L|nenwdσ0
)n−1
n
·
(∫
∂B0(0,r)
dσ0
)1/n
=C
(∫
∂B0(0,r)
|L|nenwdσ0
)n−1
n
· r
n−1
n ,
(3.1)
where dσ0 denotes the area form of ∂B
0(0, r) with respect to the Eu-
clidean metric. dσg = e
(n−1)wdσ0.
Thus
(3.2) r−1
(∫
∂B0(0,r)
|L|n−1e(n−1)wdσ0
) n
n−1
≤ C
∫
∂B0(0,r)
|L|nenwdσ0.
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On the j-th end, let r0 being the smallest number such that B ⊂
B0(0, r0). We now integrate r between [r0,+∞),
∫ ∞
r0
r−1
(∫
∂B0(0,r)
|L|n−1e(n−1)wdσ0
) n
n−1
dr ≤C
∫
Rn\B
|L|nenwdx
≤C
∫
M
|L|ndvg <∞.
(3.3)
Therefore, there exists a sequence {ri} → ∞ such that∫
∂B0(0,ri)
|L|n−1dσg → 0,
because if not, the left hand side of (3.3) is not integrable. 
Lemma 3.3. Let M be the manifold defined in the previous lemma.
Let ~n be the Gauss map M → Sn. Assume that
∫
M
|L|ndvg < +∞.
Then
(3.4)
∫
Mn
det(d~n) = |Sn| ·m
for some integer m, where |Sn| is the volume of the unit sphere.
Proof. Fix an integer j. By Lemma 3.1, on the j-th end Ej = R
n \B,
there exists a sequence of Euclidean balls B0(0, rji ), r
j
i →∞ as i→∞,
such that
∫
∂B0(0,rji )
|L|n−1dσg → 0.
For this fixed j, the image of ∂B0(0, rji ) under the Gauss map is a set
of closed (n − 1)−dimensional submanifolds. Notice that the second
fundamental form L can be regarded as the differntial of the Gauss
map. Thus by change of variable under the Gauss map,
(3.5) AreaSn
(
~n(∂B0(0, rji ))
)
≤ (ǫji )
(n−1)
where for each fixed j, ǫji → 0 as i → ∞ is a sequence of positive
numbers. Here the area is measured by the standard metric of Sn. By
the isoperimetric inequality of Sn, there exist disks Dji , enclosed by the
image of ∂B0(0, rji ) under the Gauss map, such that
(3.6) V olSn(D
j
i ) ≤ O((ǫ
j
i )
n).
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We recall that
M = Nn
⋃{ N⋃
j=1
Ej
}
,
where (Nn, g) is a compact manifold with boundary, and each Ej is a
conformally flat simple end of Mn; that is
(Ej, g) = (R
n \B, e2w|dx|2).
Without loss of generality, we assume that rji is big enough such that
Ej
⋂
B0(0, rji ) = B
0(0, rji ). Then∫
M
det(d~n)dvg
= lim
i→∞
∫
Nn
⋃
{
⋃
j Ej
⋂
B0(0,rji )}
det(d~n)dvg
= lim
i→∞
∫
Nn
⋃
{
⋃
j B
0(0,rji )}
~n♯(ω) = lim
i→∞
∫
~n(Nn
⋃
{
⋃
j B
0(0,rji )})
ω
= lim
i→∞
∫
~n(Nn
⋃
{
⋃
j B
0(0,rji )})\
⋃
j D
j
i
ω +
∫
⋃
j D
j
i
ω.
(3.7)
Here we denote the standard volume form on Sn by ω.
Since
~n(Nn
⋃
{
⋃
j
B0(0, rji )}) and
⋃
i
Dji
have the same boundary, ~n(Nn
⋃
{
⋃
j B
0(0, rji )}) \
⋃
j D
j
i is an integral
cycle. Thus for some integer m,
(3.8)
∫
~n(Nn
⋃
{
⋃
j B
0(0,rji )})\
⋃
j D
j
i
ω = m
∫
Sn
ω = |Sn|m.
Thus
(3.9)
∫
Mn
det(d~n)dvg − |S
n|m =
∫
⋃
j D
j
i
ω = O((ǫji )
n)→ 0.
This finishes the proof that
(3.10)
∫
Mn
det(d~n)dvg = |S
n|m.

Proof of Theorem 1.1. By computing Ag =
1
2
(Ric − R
6
g) using the
Gauss equation, we observe that
det(d~n) =
2
3
σ2(Ag)
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on four dimensional immersed manifold M →֒ R5.
Now we recall the definition of Q-curvature on four manifold
Q =
1
12
(−∆gRg +
1
4
R2 − 3|E|2)
=−
1
12
∆gRg + 2σ2(Ag),
(3.11)
where E is the traceless part of the Ricci curvature. Thus Q-curvature
differs from σ2 of Schouten tensor by a divergence term. By Lemma
2.2, the integral of the Laplacian of the scalar curvature Rg vanishes if
Q-curvature is totally integrable. Therefore,∫
M
Qgdvg =
∫
M
2σ2(Ag)dvg = 3
∫
M
det(d~n)dvg.(3.12)
By Lemma 3.3, this is equal to
3|S4|m = 3 ·
8π2
3
m = 8π2m.

Remark 3.4. In the above proof, we have proved that
∫
M
σ2(Ag)dvg
is an integral multiple of 4π2.
4. Proof of Theorem 1.5
The theorem is also valid for all even dimensional locally conformally
flat manifolds with simple ends, if the metric on each end is normal.
We begin by the following lemma, which seems to be well-known.
Lemma 4.1.
Pfaff(Ω) = (n− 1)!! det(d~n).
Proof. For higher dimension, the relation between det(d~n) and the Pfaf-
fian of a Riemannian curvature Pffaf(Ω) is given by the following for-
mula: suppose {ei, 1 ≤ i ≤ n} is a locally orthogonal frame whose
coframe field is {θi, 1 ≤ i ≤ n}, the curvature form Ωij =
1
2
Rijklθ
k ∧ θl.
Consider the differential n-form
(4.1) Ω = (−1)
n
2
1
2nπ
n
2 (n
2
)!
δi1···in1···n Ωi1i2 ∧ · · · ∧ Ωin−1in.
Ω can be denoted by
(4.2) Ω = Kdσ,
where dσ = θ1 ∧ · · · ∧ θn. Here
(4.3) K =
1
2n(2π)
n
2 (n
2
)!
δi1···inj1···jnRi1i2j1j2 · · ·Rin−1injn−1jn.
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We note that
(4.4)
Pfaff(Ω) =(2π)
n
2K
=(2π)
n
2
1
2n(2π)
n
2 (n
2
)!
δi1···inj1···jnRi1i2j1j2 · · ·Rin−1injn−1jn.
By the Gauss equation Rijkl = LikLjl − LilLjk, and the fact that
δi1i2···inj1j2···jn = −δ
i1i2···in
j2j1···jn
, we obtain
(4.5)
Pfaff(Ω) =
1
2n(n
2
)!
δi1···inj1···jn(Li1j1Li2j2 − Li1j2Li2j1)
· · · (Lin−1jn−1Linjn − Lin−1jnLinjn−1)
=
1
2n(n
2
)!
δi1···inj1···jn(2Li1j1Li2j2) · · · (2Lin−1jn−1Linjn)
=
n!
2
n
2 n!(n
2
)!
δi1···inj1···jnLi1j1Li2j2 · · ·Lin−1jn−1Linjn
=
n!
2
n
2 (n
2
)!
det(L)
=(n− 1)!! det(L).

The integration of Pfaff(Ω) orK appears in the Gauss-Bonnet-Chern
theorem:
(4.6)
1
(2π)
n
2
∫
M
Pfaff(Ω) =
∫
M
K = χ(M).
When n = 4,
(4.7) Pfaff(Ω) = 2σ2(Ag) = Qg +
1
12
∆gRg.
Next we prove an analogous result of Lemma 2.2. However, due to
the complexity of higher dimensions, the proof is more complicated,
and the conformally flat structure is used in an essential way.
Lemma 4.2. Suppose Mn satisfies the assumptions in Theorem 1.5.
T i is an intrinsic vector field of weight(1) (−n + 1) on Mn. Then∫
M
diviT
i(g)dvg = 0.
(1)See also [Lu00, Page 245].
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Proof. By a classical result which is essentially due to Weyl [Wey39],
an intrinsic vector field T i(g) is a linear combination
T i(g) =
∑
q∈Q
aqC
q,i(g),
which each Cq,i(g) is a partial contraction with one free index i that
takes the form
Cq,i(g) = pcontri(∇
(m1)
r1...rm1
Ri1j1k1l1 ⊗ · · · ⊗ ∇
(ma)
t1...tma
Riajakala)
with
a∑
t=1
(mt + 2) = n − 1. We simplify notations to write it in the
following form:
Cq,i(g) = pcontri(∇
(m1)Rm⊗ · · · ⊗ ∇(ma)Rm).
The main idea of the following proof is to factor out a curvature term∫
|Rm|n/2dvg, which can be controlled by C
∫
|L|ndvg (see (4.12)),
and then to estimate the curvature derivative terms in terms of the
conformal factor w. We begin with the following formula of integration
by parts.
∫
M
diviC
q,i(g)dvg
=− lim
ρ→∞
N∑
j=1
∫
Ej∩(B0(2ρ)\B0(ρ))
Cq,i(g)(ηρ)idvg
=− lim
ρ→∞
N∑
j=1
∫
Ej∩(B0(2ρ)\B0(ρ))
pcontri(∇
(m1)Rm⊗
· · · ⊗ ∇(ma)Rm)(ηρ)idvg,
(4.8)
where (ηρ)i, which is defined in the proof of Lemma 2.2, is supported
on B0(2ρ) \B0(ρ). On each end, we consider the term
(4.9)
∫
Ej∩(B0(2ρ)\B0(ρ))
pcontri(∇
(m1)Rm⊗ · · · ⊗ ∇(ma)Rm)(ηρ)idvg.
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Using integration by parts, we obtain a term Rijkl without any deriva-
tive in the contraction. If there is already such a term in the contrac-
tion, then we skip this step. Then (4.9) is equal to∫
Ej∩(B0(2ρ)\B0(ρ))
(−1)m1Ri1j1k1l1⊗
pcontri1j1k1l1(∇
(m1)[(∇(m2)Rm⊗ · · · ⊗ ∇(ma)Rm)(ηρ)i])dvg.
(4.10)
We use pcontri1j1k1l1 to denote the partial contraction with four free
indices i1, j1, k1, l1.
By the conformal change g = e2w|dx|2 and the Ho¨lder’s inequality,
(4.10) is bounded by
|
∫
Ej∩(B0(2ρ)\B0(ρ))
(−1)m1Ri1j1k1l1e
2w
pcontri1j1k1l1
(
e−2w∇(m1)[(∇(m2)Rm⊗ · · · ⊗ ∇(ma)Rm)(ηρ)i]
)
enwdx|
≤
(∫
Ej∩(B0(2ρ)\B0(ρ))
|Rm|n/2enwdx
)2/n
·
(∫
Ej∩(B0(2ρ)\B0(ρ))
∣∣∣e−2wpcontri1j1k1l1 (∇(m1)[(∇(m2)Rm⊗
· · · ⊗ ∇(ma)Rm)(ηρ)i]
)
enw
∣∣∣ nn−2dx)
n−2
n
.
(4.11)
Since ∫
Ej∩(B0(2ρ)\B0(ρ))
|Rm|n/2enwdx
=
∫
Ej∩(B0(2ρ)\B0(ρ))
|Rm|n/2dvg
≤C
∫
Ej∩(B0(2ρ)\B0(ρ))
|L|ndvg → 0,
(4.12)
as ρ→∞, we reduce the problem to show that∫
Ej∩(B0(2ρ)\B0(ρ))
∣∣∣pcontri1j1k1l1 (∇(m1)[(∇(m2)Rm⊗
· · · ⊗ ∇(ma)Rm)(ηρ)i]
) ∣∣∣ nn−2 enwdx ≤ C.
(4.13)
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We use g = e2w|dx|2 to write the integrand
(4.14)∣∣∣pcontri1j1k1l1 (∇(m1)[(∇(m2)Rm⊗ · · · ⊗ ∇(ma)Rm)(ηρ)i]) ∣∣∣ nn−2 enw
in coordinate derivatives of w.
Note that under the flat coordinate system, we have
Γsjk =
1
2
gsl(
∂glj
∂xk
+
∂glk
∂xj
−
∂gjk
∂xl
)
=
∂w
∂xk
δsj +
∂w
∂xj
δsk −
∂w
∂xs
δjk,
(4.15)
and we have
Rivkug
ulgjv = ΓpikΓ
l
vpg
jv +
∂Γlik
∂xv
gjv − ΓpvkΓ
l
ipg
jv −
∂Γlvk
∂xi
gjv
=(
∂w
∂xk
δip +
∂w
∂xi
δkp −
∂w
∂xp
δik)(
∂w
∂xj
δpl +
∂w
∂xp
δlj −
∂w
∂xl
δjp)e
−2w
−(
∂w
∂xk
δjp +
∂w
∂xj
δkp −
∂w
∂xp
δjk)(
∂w
∂xi
δpl +
∂w
∂xp
δli −
∂w
∂xl
δip)e
−2w
+(
∂2w
∂xj∂xk
δil +
∂2w
∂xi∂xj
δkl −
∂2w
∂xj∂xl
δik)e
−2w
−(
∂2w
∂xi∂xk
δjl +
∂2w
∂xi∂xj
δkl −
∂2w
∂xi∂xl
δjk)e
−2w
=e−2w
∑
α
bα · ∂
α1w · · ·∂α
p
w,
(4.16)
where
p∑
k=1
|αk| = 2.
Similarly,
∇(m)r1...rmRivkug
ulgjv
=e−2w
∑
α
bα · ∂
α1w · · ·∂α
p
w.(4.17)
where
p∑
k=1
|αk| = m+ 2.
Notice that in the integrand of (4.13), some of the derivatives in
∇(m1) fall on∇(m2)Rm⊗· · ·⊗∇(ma)Rm, and others fall on (ηρ)i. Denote
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the number of derivatives fall on (ηρ)i by n1 ≥ 0. By the definition of
ηρ, ∂
n1+1(ηρ) ≤ O(
1
ρn1+1
) on B0(2ρ) \B0(ρ).
It is not hard to see that the integrand of (4.14) is bounded by a finite
linear combination of partial contractions of coordinate derivatives of
w:
m1∑
n1=0
∑
α
bα,n1 · |∂
α1w · · ·∂α
p
w|
n
n−2 · O(
1
ρ
(n1+1)n
n−2
),
where the multi-index derivative is with respect to the Euclidean met-
ric, defined by
∂α
k
w =
∂α
k
1
∂x
αk1
1
· · ·
∂α
k
n
∂x
αkn
n
w.
The indices α1, ..., αp satisfy
p∑
k=1
|αk| = n− n1 − 3,
where the norm of a multi-index αk is defined by |αk| :=
n∑
j=1
αkj . We
note that any powers of ew are cancelled in the process of the partial
contraction. And
(n1 + 1) ·
n
n− 2
≥
n
n− 2
.
To prove the estimate (4.13), we will show that for each j = 1, ..., N ,
n1 = 0, · · · , m1, and multi-index α, if
p∑
k=1
|αk| = n− 2− a, a = n1 + 1 ≥ 1
then
(4.18) lim
ρ→∞
∫
Ej∩(B0(2ρ)\B0(ρ))
|∂α
1
w · · ·∂α
p
w|
n
n−2 · O(
1
ρa·
n
n−2
)dx ≤ C.
In order to prove (4.18), we claim that for α1,..., αp satisfying
p∑
k=1
|αk| = n− 2− a, a ≥ 1
there exists q1, ..., qp, such that
(1) q1 > 1, ..., qp > 1, for k = 1, ..., p;
(2)
1
q1
+ · · ·+
1
qp
= 1;
(3) |αk| · qk < (n− 1) ·
n−2
n
, for k = 1, ..., p.
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Let us first apply the Claim to prove Lemma 4.2. Using the above
Claim, we have
1
ρa·
n
n−2
∫
Ej∩(B0(2ρ)\B0(ρ))
|∂α
1
w · · ·∂α
p
w|
n
n−2dx
≤
1
ρa·
n
n−2
(
∫
Ej∩(B0(2ρ)\B0(ρ))
|∂α
1
w|q1·
n
n−2dx)
1
q1
· · · (
∫
Ej∩(B0(2ρ)\B0(ρ))
|∂α
p
w|qp·
n
n−2dx)
1
qp ,
(4.19)
where a = n1 + 1 ≥ 1. By definition of normal metric,
(4.20) w(x) =
1
cn
∫
Rn\B
log
|y|
|x− y|
Qg(y)e
nw(y)dy + C.
Hence
(4.21) |∂α
k
w(x)| ≤
1
cn
∫
Rn\B
1
|x− y||αk|
|Qg(y)|e
nw(y)dy,
where |αk| =
∑n
j=1 α
k
j . By Ho¨lder’s inequality, for qk > 1,
|∂α
k
w(x)|qk·
n
n−2 ≤
1
c
qk·
n
n−2
n
∫
Rn\B
1
|x− y||α
k|·qk·
n
n−2
|Qg(y)|e
nw(y)dy
· (
∫
Rn\B
|Qg(y)|e
nw(y)dy)qk·
n
n−2
−1.
(4.22)
Since
∫
Rn\B
|Qg(y)|e
nw(y)dy <∞, this is bounded by
C
∫
Rn\B
1
|x− y||α
k|·qk·
n
n−2
|Qg(y)|e
nw(y)dy.
Therefore, ∫
∂B0(0,r)
|∂α
k
w(x)|qk·
n
n−2dσ0(x)
≤C
∫
∂B0(0,r)
∫
Rn\B
1
|x− y||α
k|·qk·
n
n−2
|Qg(y)|e
nw(y)dydσ0(x).
(4.23)
By condition (3) in the Claim, n − 1 > |αk| · qk ·
n
n−2
. Then by using
the homogeneity of the integral, we have∫
∂B0(0,r)
1
|x− y||α
k|·qk·
n
n−2
dσ0(x) ≤ |∂B
0(0, r)|O(
1
r|α
k|·qk·
n
n−2
).
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Plugging the above inequality into (4.23), we obtain∫
∂B0(0,r)
|∂α
k
w(x)|qk·
n
n−2dσ0(x)
≤Crn−1−|α
k|·qk·
n
n−2
∫
Rn\B
|Qg(y)|e
nw(y)dy
=C˜rn−1−|α
k|·qk·
n
n−2 .
(4.24)
Hence ∫
Ej∩(B0(0,2ρ)\B0(0,ρ))
|∂α
k
w(x)|qk·
n
n−2dx
≤
∫ 2ρ
ρ
∫
∂B0(0,r)
|∂α
k
w(x)|qk·
n
n−2dσ0(x)dr
≤Cρn−|α
k|·qk·
n
n−2 .
(4.25)
Using (4.25) in (4.19), we obtain
1
ρa·
n
n−2
∫
Ej∩(B0(2ρ)\B0(ρ))
|∂α
1
w · · ·∂α
p
w|
n
n−2dx
≤
C
ρa·
n
n−2
ρ
n−|α1|·q1·
n
n−2
q1
+···+
n−|αp|·qp·
n
n−2
qp .
(4.26)
By the claim,
1
q1
+ · · ·+
1
qp
= 1. So
n− |α1| · q1 ·
n
n−2
q1
+ · · ·+
n− |αp| · qp ·
n
n−2
qp
=n−
n
n− 2
p∑
k=1
|αk| = n−
n
n− 2
· (n− 2− a) = a ·
n
n− 2
.
(4.27)
Thus (4.26) becomes
(4.28)
1
ρa·
n
n−2
∫
Ej∩(B0(2ρ)\B0(ρ))
|∂α
1
w · · ·∂α
p
w|
n
n−2dx ≤ C.
This completes the proof of Lemma 4.2. 
Proof of claim. Let qk =
(n−1)·n−2
n
|αk|
− ǫ for k = 1, ..., p − 1. Let qp be
defined by
(4.29)
1
qp
= 1−
1
(n−1)·n−2
n
|α1|
− ǫ
− · · · −
1
(n−1)·n−2
n
|αp−1|
− ǫ
.
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We will choose the value of ǫ later. It is obvious that q1, ..., qp satisfy
condition (1), (2) in the claim, and q1, ..., qp−1 satisfy condition (3).
We now show qp satisfies condition (3) if ǫ is chosen small enough. To
prove
|αp| · qp
=[(n− 2− a)−
p−1∑
k=1
|αk|] · qp < (n− 1) ·
n− 2
n
,
(4.30)
It is the same to prove
(n− 2− a)−
p−1∑
k=1
|αk|
<(n− 1) ·
n− 2
n
(1−
1
(n−1)·n−2
n
|α1|
− ǫ
− · · · −
1
(n−1)·n−2
n
|αp−1|
− ǫ
),
(4.31)
i.e.
n− 2− a−
p−1∑
k=1
|αk|
<(n− 1) ·
n− 2
n
− (
1
1
|α1|
− ǫ
(n−1)·n−2
n
+ · · ·+
1
1
|αp−1|
− ǫ
(n−1)·n−2
n
).
(4.32)
For each k = 1, ..., p− 1,
(4.33)
1
1
|αk|
− ǫ
n−1
≤ |αk|+O(ǫ).
Thus
(4.34)
1
1
|α1|
− ǫ
(n−1)·n−2
n
+ · · ·+
1
1
|αp−1|
− ǫ
(n−1)·n−2
n
≤
p−1∑
k=1
|αk|+O(ǫ).
Since n− 2− a ≤ n− 3 < (n− 1) · n−2
n
, we can choose ǫ small enough,
such that,
(4.35) n− 2− a < (n− 1) ·
n− 2
n
−O(ǫ).
This proves (4.32). Thus it completes the proof of the claim.

Proof of Theorem 1.5. The Q-curvature in higher dimensions has com-
plicated expression. By its formal definition, the integral of the Q-
curvature over a closed manifold is invariant under conformal change
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of the metric. By results of S. Alexakis’s [Ale09,Ale12] on classfication
of global conformal invariants on even dimensional manifolds, the Q-
curvature is a linear combination a local conformal invariant W (g), a
divergence term and the Pfaffian of the curvature. More precisely,
Q(g) = W (g) + diviT
i(g) + A · Pfaff(Ω),
where W (g) is a local conformal invariant of weight −n, T i(g) is an
intrisic vector field of weight −n+ 1, A = 2
n
2
−2(n−2
2
)!.
By a classical result which is essentially due to Weyl [Wey39], an
intrinsic vector field T i(g) is a linear combination
T i(g) =
∑
q∈Q
aqC
q,i(g).
Each Cq,i(g) is a partial contraction with one free index that takes the
form
Cq,i(g) = pcontr(∇(m1)r1...rm1Ri1j1k1l1 ⊗ · · · ⊗ ∇
(ma)
t1...tma
Riajakala)
with
∑a
t=1(mt + 2) = n− 1.
Apparently, on locally conformally flat manifolds, the local confor-
mally invariant W (g) vanishes. The Pfaffian of curvature Pfaff(Ω), by
Lemma 4.1 is equal to (n−1)!! ·det(d~n). By Lemma 4.2, the divergence
term of weight −n + 1 also vanishes:∫
M
diviT
i(g)dvg = 0.
Therefore, ∫
M
Qgdvg =A
∫
M
Pfaff(Ω)dvg
=A(n− 1)!!
∫
M
det(d~n)dvg
(4.36)
By Lemma 3.3, this is equal to
A(n− 1)!!|Sn|m.
Since |Sn| = 2
n
2 +1π
n
2
(n−1)!!
A(n− 1)!!|Sn|m = 2cnm,(4.37)
where cn = 2
n−2(n−2
2
)!π
n
2 . It is equal to the integral of the Q-curvature
on the standard n-hemisphere Sn+. This completes the proof of the
theorem. 
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